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Abstract 

We calculate the fcu-homology of Z pii X and Zp2 X Zp2 . We prove that for 
these groups the /cti-homology contains all the complex bordism information. 
We construct a set of generators of the annihilator of the /cu-toral class. These 
elements also generates the annihilator of the i?P-toral class. 
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1 Introduction. 

It is a well known fact that for any prime number p, the i?P-homology of a p-local 
space X contains all the complex bordism information of X. Indeed, we have the 
Quillen's splitting theorem: MU^{X) ®i Z(p) = [MU^ ®^ Z(p)) ®bp^ BP^[X). 

In particular we can take X to be the classifying space of a p-group of the form 
G = Tjpt X Zpn. We conjecture that for this kind of groups, the local connective com- 
plex i^'-theory, here denoted by ku, contains all the complex bordism information. 

More precisely, we have the algebraic inclusions: BP^ ^ BP{1)^ ku^. Here 
BP{1)^:, BP^, and ku^, are the coefficient rings of the respective homology theories. 

In this work we prove that for the groups Gi = Zpt x Zp and G2 = Zp2 x Zp2 there 
exists a set of generators of the annihilator of the ku-toral class that are elements 
of the subring BP{1)^. G. Nakos [Ij proved that this elements are also a generating 
set of the annihilator of the i?P,,-toral class. 

We prove that the annihilator ideal of the fcw*-toral class in A;?/*(Zp2 A Zp2) is 
generated by: 

{p\pvp-\v^^-'^^p+^y). 

In [1], G. Nakos proved that the i?P*-annihilator of the SP-toral class of the group 
Zp2 X Zp2 is generated by: 

{p'^,pvi,v^^^). 

In this sense, the /cit-homology contains all the complex bordism information. 
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2 Preliminaries. 

Let ku be the connective complex iT-theory spectrum and let f be a generator of 

TT2{ku) ^ Z. 

If we consider the canonical orientation: 

V 

where L is the tautological bundle, the resulting Formal Group Law F is given by: 

X +F y = X + y — vxy. (1) 

For a fixed prime number p we consider the p-localization of ku (here also denoted 
by ku) and denote by v and x the images of the canonical generator and the canonical 
orientation. We have: 

TC^,{ku) = 1'{p)[v]. 

In this local spectrum ku, the element x determines a Formal Group Law, here also 
denoted by F, which is again given by the formula ([1]). 

For any natural number n we have the formal power series (that is in fact a 
polynomial): 

k=0 

where ak^n = We will omit the dependence on n of these coefficients in the 

notation since it will be clear from the context. 

From here we will use the reduced version of ku^, without further comments. We 
will denote by ku^iX^t A Zpn) the reduced /cm- homology of the group Zp* x Zpn. 

It is a well known fact that for any prime number p and any natural number n, 
the group ku^:{Zpn) is generated by elements 

Ci e ku2i-i{1.pu) 

for i>l subject to the relations imposed by the [p"]-series. That is, 

ku^{Zpn) = ^ ku^d I ([p"]) 

i>\ 

Here ([p"]) is the /cw-submodule of 0j>i ku^ei generated by: 

afcCi-fe I ej = for j < > . 

A:=0 J 



From the definition of tlie a^'s we note tliat tliose elements witli k + 1 a power of p 
are of special interest since 

^ = n - Up{k + 1), 

where Up is the usual p-valuation, therefore it is natural to have a special notation 
for these elements. For any a natural number i we define 

so flpi-i will be denoted by a^-. 




3 Annihilator of the toral class. 

The element ei^„ G ku^{'Lpn) (the bottom class) is the so called toral class. In the 
group ku^{Zpn A Zpt) we also have a toral class r, that comes from the canonical 
map — i- Tjpn X Zpt. 

We have the Kiinneth map 

k: A;M*(Zpn) ®kut ku^{'Lpt) — )■ ku^,{Zpn A Zpt). 

The image of the product of the toral classes ei,„ ® ci^t under this map is r. Since 
this map is injective we have: 

annkuS<^i,n ® ei,i) = anUkuS^)- 

One of the goals of this work is to calculate anrtkuS'^) ^^e groups Zp* x Zp 
and Zp2 X Zp2. In pQ, G. Nakos proved that the i?P,,-annihilator of the i?P-toral 
class of the group Zpt x Zp is generated by: 

Nakos also proved that the i?P*-annihilator of the SP-toral class of the group 
Zp2 X Zp2 is generated by: 

Recall that the coefficient ring i?P(l)* = Z(p)[t;i] is a subring of A;w* = Z(p)[t'], 
with vi = (since the spectrum ku is a wedge sum of p — 1 suspended copies of 
PP(1)). When p = 2 we have an equality BP{1) = ku (as homology theories), and 
we have proved in that the fc-u-annihilator of the toral class of the group Z4 x Z4 
is given by: 
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We have by Nakos' work that it is a also a set of generators of the SP-annihilator 
of SP-toral class of Z4 x Z4. 

On the other hand ku^{'Lpt AZpn) has a direct sum decomposition, since we have 
the Landweber split short exact sequence: 

ku^{'Lpt)®^^^ku^{Zpn) ku*{ZptAZpn) Tor'l'^* {ku^{Zpt) , ku^{Zpn)) -> 0. 

(2) 

Since as wc will sec in the next section we can approximate the first and the 
third term of this short exact sequence by an spectral sequence; the annihilator of 
the toral class contains all the information of the group ku^ {Zpt A Zpn ) . This is the 
reason because we say that ku contains all the complex bordism information when 
the fcw-annihilator of the A;ti-toral class has a set of generators that also generates 
the i?P-annihilator of the PP-toral class. 



4 The spectral sequence. 

In this section we construct a spectral sequence that will give, up to extensions, 
the group ku*{Zpt A Zpn). We have a conjecture about the behavior of this spectral 
sequence in the general case; in this work we prove the conjecture for the cases t > 1, 
n = 1 and t = 2 = n. 

We fix some notation. Let F the free ku^-module in generators a^'s for i > 1, 
that is, 

F ^^ku^ai. 
i>i 

For fixed natural numbers n > 1 and t > n consider the map 
dt-.F ®ku^ku^{Zpn) — )■ F ®ku^ku^{Zpn) 

ai (g) ej — > Yl cikCti-k ® Gj 

where ah — ii h < 0. Here e ku^ are the coefficients of the [p*]-series. Note 
that 

coker(5t) = ku^.{Zpt) (g)^^^ few* (Zpn), 

since dt imposes the relations of the [p*]-series in the first factor. 
We consider the chain complex: 

• • • — > — > F i^iku* ku^{Zpn) — y F <Siku* ku^{Zpu) — > — > ■■ ■ (3) 

where the only non trivial map is given by dt- 
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Note that every element of the module F ku^il^p^.) has a unique expression 
modulo p", therefore we can define a filtration: 

• |c| = for c G ku^. 

• \ai\ = + 1. 

• \ej\= p*~^ + 1. 

We will denote by c[i,j] = cai® ej for any c G ku^. 

Conjeture 4.1 In the spectral sequence associated to the chain complex ([3]), with 
the defined filtration, there exist only n families of differentials given by: 

P%J] p''-'~'v'^'\^ -gk,J-it-n+ l)gk+i + {t - n)gk]. 

Here h{k) = {t — n + l)gk+i — {t — n — l)gk and < A; < tt, — 1. 

In this work we will prove this conjecture for the cases n = 1, t > 1 and n = 2 = t. 
We have significative advances on the proof of this Conjecture in the cases n = 2, 
t > 2 and n = t for a natural number n > 2. The main problem in the general case 
is to prove that the elements: 

p^[i,j] with i < gk OT j < {t-n + l)gk+i - (t - n)gk 

are permanent cycles. This problem does not appear in the case n = 1. For the 
case n = 2 = t we prove by hand calculation that the element [g2 + gi — 1, gi\ is a 
permanent cycle, and as we will see it will be sufficient. 

5 Relations in F ®ku^ ku^{Zp2). 

In this section we will prove some technical Lemmas that will be the tools to prove 
the Conjecture 14. II in the cases we are dealing with in this work. We begin defining 
the algebraic Smith morphisms. 

For any ordered pair of natural numbers {i,j) with i,j>0 we have the Smith 
morphism (pij given by: 

F ®ku* ku^{Zp^) — — ^ F ®ku* ku^{Zpn) 

[a, b] ^ [a-i,b- j]. 
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Note that these morphisms are compatible with 9^, that is, we have a commutative 
diagram: 



dt 



dt 



F<S)ku* ku^{Zpn) 

As a consequence we have that for any element S — ^ q [a^, bi] e Im dt and any 

ordered pair of natural numbers the element Sij = (pi,j{S) is also in Im df. 
Moreover if 



dt[Y.CkKX]]=S 

\k>0 / 



with higher filtration term given by Cq [oq, 6q], then 



\k>0 ) 



That is, S'ij is the image under 3% of lower filtration terms than cq [cq, ?>o]. 

Lemma 5.1 In F ^^u* ku^ilApn), the elements p^[a,b] with 1 < b < gi are zero. 

Proof: We proceed by induction on b. Recall that the ku^-module ^ii*(Zpn) is given 
by: 

^ku.e,/{n, 
i>i 

therefore for 6 = 1 we have that 

p"[o, 1] = ^ei^aa^ (p"ei) = 0, 

since the second factor is a relation in A;u*(Zpn) because ao — p^. Suppose we have 
proved the assertion for 1 < 6 < g^i, therefore we have 



p"[a,6+l] = - ^ai[a,b+l-i\. 



i=l 



Note that the coefficient is divisible by for < i < gi, this implies, by the 
inductive hypothesis, that p"[a, b + 1] = 0. □ 
For the [p^j-series we have that: 
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tti — Wip^v^ for i + 1 not divisible by p. 

O'kp-i — UkPv''P~^ for k < p. 

Here Wi and Uk are units in ku^, with wq = 1 and Up = 1. 

In some results we will need to have total knowledge of the coefficients in the 
formulas we are dealing with, at least for the "high;^ filtration terms and for those 
terms that are not p-divisible. For this purposes we define the following polynomials 
with coefficients in Z(p). 

For < k < p — 2 we define qk{xi, . . . , Xk) £ . . . ,Xk\ as: 

k-l 

go = -1 and Qkixi, . . . , x^) = - ^ Xk-iQiixi, ...,Xi) for k> 1. 

For < k < p — 2 and l<n<p — 2we define q'^\xi, . . . , Xk) G Z(p)[xi, . . . ,Xk] as: 

{-Y^Xk-iQiixi,. . . ,Xi) if n<k-2 
qk{xi, . . . ,Xk) if n>k-l. 

We will denote by qj^^ — qj^\wi, . . . ,Wk). 

Lemma 5.2 For 2 < k < p + 1 the following equality holds in F ^ku, ku^{Zp2). 

p-2 (fc-2)Si 

p^[a,kg,] = J2^iQiP^''^%ik-'^)9i-i]+ Yl Zt,kpv'''+'[a,{k - 2)g^ - t]. 

i=0 t=0 

Here Zf^k £ ku^, are coefficients possibly multiples of p. 

Proof: We proceed by induction. For A; = 2, we will prove by induction that for 
1 < n < p — 3 the following equality holds: 

p—2 n 

p'[a, 2g,] ?f [«> 2^1 - ^] + E ^i<liP^''''>^ 9i - i] (4) 

i=n+l i=0 

From the relation imposed in the second factor, we have: 

p-2 

p^[a, 2gi\ = Y Wip'^v'la, 2gi - i] - uipv^^[a, gi]. 

i=l 
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The first sumand of tlie previous equality gives: 

p-3 

-wip'^v[a,2gi - 1] = ^wiWip^v'-^'^[a,2gi - {i + 1)] + uiWipv'^^'^'^[a, gi - 1]. 

1=1 

Note tliat tlie last terms of the relations above don't appear by Lemma 15.11 Mixing 
both relations we obtain: 

p-2 

p'^ [a, 2gi] = {wiWi^i - Wi)p^v' [a, 2gi - z] - Uipv^^ [a, gi] + UiWipv^^"^^ [a, 5^l - 1] 

i=2 

P-2 . 1 

= -Y.(li P^v'-la, 2gi ~i] + Yl UiQipv^^^'-la, gi - i] 

1=2 1=0 

Suppose that the equality (jl]) has been proved for 1 < n < p — 4, therefore p^[a, 2gi] 
is equal to: 

p-2 (n) ■ " 
i=n+2 i=0 

9i-"-2 

+ E «'^gn+ip't^"+*+' [a, 2^71 - + « + 1)] + [a, (71 - + 1)] . 

i=l 

P-2 . , . n+1 

Therefore p'^[a,2gi] = — E Q'j p'^v^[a,2gi — i] + ^ Uiqipv^^^^[a, gi — i]. So we 

i=n+2 i=0 

have that: 

p-3 p-2 

/[a, 25(1] = -gp_2/[a, 5^1 + 1] + ^ ?/igipt)^i+*[a, - i] = ^ Uiqipv'^^'''[a, gi-i], 

i=0 1=0 

and the result follows for k = 2. 

Now we suppose that the result is valid for 2 < k < p. From the relation imposed 
in the second factor we obtain: 

p-2 

p^[a, (A; + 1)5(1] = - E Wip'^v'[a, {k + l)gi - i] - Uipv^^la, kgi] 

i=l 
2p-2 

- E Wip'^v'[a, {k + l)gi - i] - U2pv'^P~^[a, {k - l)gi - 1] 

(5) 

+ ■ ■■ + 

fcp-2 

— E Wip^v'^[a,{k + l)gi — i] — Ukpv^'P~^[a,p — k]. 

i=(k—l)p 
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Note that when k = p the last summand does not appear since the second coordinate 
is zero; also note that when k < p the terms corresponding to i > kp — 1 are zero 
by Lemma 15.11 We have that the first element in the previous equality is given by 
—wip'^v[a, {k + l)gi — 1], and it is equal to: 

p-2 

wiWip'^v^~^^[a, {k + l)gi — {i + 1)] + uiWipv'^[a, kgi — 1] 

i=l 
2p-2 

+ J2 WiWip'^v'+^[a, {k + l)gi - {i + 1)] + U2Wipv^P[a, {k - l)gi - 2] + ■ ■ ■ + 

i=p 
kp-2 

+ ^ WiWip'^v^^^[a,{k + l)gi — {i + 1)] + UkWipv''^[a,p — {k + 1)]. 

i=(k—l)p 

(6) 

We apply the inductive formula to the element wiWp-2P^v^^ [a, kgi\ that appears 
in ([n]). Also we apply this formula (up to a Smith morphism) to the elements 
—Wip'^v'^[a, {k + l)gi — i] that appears in ^ and to the corresponding elements 
wiWip^v'^^^[a, {k + l)gi — {i + 1)] that appears in ([6]). Here p < i < 2p — 2. Since all 
the elements in this formulas are divisible by p, replacing (|5]) in ([6]) we obtain: 

p-2 

p'^[a, {k + l)gi] = Y.{wi-iWi - Wi)p'^v'[a, {k + l)gi - i] - Uipv^^[a, kgi] 

i=2 

+ UiWipvP[a, kgi - 1] + X) ytpv^^^^^[a, {k - l)gi - t]. 

t=o 

Using the same inductive argument that we applied for the case k = 2,we can prove 
that for 1 < n < p — 3 

p'^[a,{k + l)gi]= - Yl qi V'p'^[a,{k + l)gi-i] + YuiqiPv'^'^'[a,kgi-i] 

i=n+l i=0 

+ E ytpv^''^'[a,{k-l)gi-t]. 
t=o 

Here the coefficients yt are not necessarily the same in different formulas. Note 
that we also applied the inductive formula for p^[a, kgi] (up to a Smith morphism). 
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Therefore we have: 

p-3 

2?2[a, {k + l)gi] = -qp-2P^vP-^[a, kgi + I] + Uiqipv<^^+'[a, kgi - i] 

i=0 

+ E ytpv^''-^'[a,ik-l)gi-t]. 
t=o 

Finally we obtain that the element p^[a, {k + l)gi\ is equal to: 

p-2 {k-'^)9i 

E u,qipv3^+'[a, kgi - i] + E Zt,k+ipv''^'+'[a, {k - l)gi - t]. 

1=0 t=o 

and the Lemma is proved. □ 
Note that in the previous Lemma we did not take care of the coefficients 2;t,fe+i, 
since as we will see, the "lovf' filtration and the p-divisibility of the terms involved 
in the second sum will be enough to manipulate them. 

Lemma 5.3 In the ku^-module F ®ku, A;«*(Zp2) the following equality holds. 

p-2 

91 + 92] = -uipv^^ [a, ^2] + J2 uiqipyS'^+'la, g2 - i] 

i=l 

P9i p-2 

+ E ztpv^si+t^a,pgi - t] + E qkv''+''[a, gi - k]. 

t=0 k=0 

Here qi = qi{wi, . . . , Wi) and Zt G ku^ is a coefficient possibly multiple of p. 
Proof: It is not difficult to verify that p^[a, gi + g2\ is equal to: 

E {-Wk + wiWk-i)p'^v''[a, gi + g2-k]- u^pv^^ [a, g2] + wiUipvP[a, ^2 - 1] 

k=2 

2p-2 

+ wiWp-2P^v^^ [a, ^2] - Wpp'^vP[a, ^2 - 1] + E (-^ifc + wiWk-i)p'^v''[a, gi + g2- k] 

k=p+l 

+ {-U2 + WiW2giP)pv^P-^[a,pgi - 1] + {-W2pP + WiU2)pv'^P[a,pgi - 2] H h 



+ E {-Wk + wiWk-i)p'^v''[a,g2 + gi- k]-v3^[a,gi]+wivP^[a,gi-l] 

k=pg^+l 

+ WiWg^_ip'^v3''[a,gi\. 
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Note that the last term is zero by Lemma I5.1[ Now we apply Lemma 15.21 to the 
element WiWp_2P^v^^ [a, g-2\ and (up to Smith morphisms) to the expression: 

2p-2 

-WpP^v'P[a, ^2 - 1] + ^ {-Wk + wiWk-i)p^v^[a, gi + g2 - k] 

k=p+l 

and we obtain that p^[a, + 5^2] is equal to: 

E {-^k + wiWk^i)p'^v''[a, gi + g2-~k]- uipv^^ [a, §2] + uiWipvP[c, §2 - 1] 

k=2 

+ Yl ztpv'^si+t pg^ -t]- v^^ [a, gi] + wivP [a, 5-1 - 1] . 
t=o 

(7) 

We will prove by induction that for 1 < n < p — 2 the following equality holds: 

+ 5'2] = - E grVv^[«,^i + ^2 - fc] + E ^i9iP^^'^1«>fi'2 - ^] 

k=n+l i=0 
P5l n 
t=0 A;=0 

Since go = —1 and qi = wi, the beginning of the inductive process is just the 
formula ([7]), because q^^ = Wk — qiWk-i = Wk — wiWk-i- 

Suppose the assertion has been proved for 2 < n < p — 3. We have that the 
element q^}ip'^v'^~^'^[a, gi + g2 — + 1)] is equal to: 

p-2 

- E qn+iWip'^v''+'^'^[a, gi+ g2- {n + i + l)]- Mig„+ipt;"+P[a, g2 - {n + 1)] 
1=1 

2p-2 

- E qn+iWip'^v'^+'+^[a, gi+ g2- (n + i + l)]- U2qn+ipv^^^'^[a,pgi - (n + 2)] 

i=p 

+ A-g„+it;P'+"[a,^i-(n + l)]. 
Here ^ = E Cipv'"''^^~^^[a, gi + g2 — {n, + i + 1)], where q G /em* are coefficients 

i=2p 

possibly multiple of p. Now note that each term in the sum: 

2p-2 

qn+iWiP^v'^+'+^la, gi+g2-{n + i + 1)] 

i=p 
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is a Smith morphism image of [a, (72] and we can apply Lemma 15. 2[ On the other 
hand, we have for A; > TI + 1 the equahty: — g^"^ + Wk-{n+i)(ln+i = therefore 
the assertion is vahd. So we have: 

/ [a,9i + 92] = J2 Ui^liP^^^^' [a,92-i] + Y^ Ztpv^'^'+' [a, pg^ - 1] + ^ Qkv'^^ [a,9i-k]- 

i=0 t=0 k=0 

□ 

Remark 5.4 Note that in the previous Lemma we take care of the coefficients of 
the first and the third sums since the terms of the first one has ^^high" fihration and 
we don't know if the terms of the third one are p-divisible. 

6 Calculating the differentials. 

In this section we will consider the map d: F ku^:{'Lp2) — y F ®ku^ /cw^,(Zp2) 
given by the [|)^]-series: 

k=0 

Here the G ku^, are the coefficients of the [p^]-series and we will use the filtration 
defined in section HI Since each element of F ®ku, A;ti*(Zp2) has a unique expression 
modulo jo^, we define: 

\c[i,j]\ =i{p^ + l)+j{p + l) 
for any non zero element c G ku^,. 

Proposition 6.1 We have up to units: 

a) d{[l,p])=pv>^^[l,l]. 

b) d{p[p,p'^] + low ) = ?;fi+92[i, 1]. 
Here low stands for lower filtration terms. 

Proof: We have by definition (9([1,]?]) = but 

p-2 

p'^[l,p] = — Wip'^v'^[l,p — i] — Uipv^^[l, 1] = —Uipv^^[l, 1]. 
Since for 1 < z < p — 2 the term p'^v^[l,p — i] = by Lemma [5. II This proves a). 
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We are going to prove that we can find an expression of tlie form p[p.^p^] + low 
in such a way that its image under d is of the form A — uiv^^~^^^ [1; 1] • Here A will be 
a sum of terms a[i,j] divisible by pv^^ in such a way that adding a suitable element 
on the image of d we can replace each a[i, j] with lower filtration terms that are also 
divisible by pv^^ . We will be careful with the filtration of the terms whose images 
are used to replace the elements a[i,j]. 

We assert that pv^^[p,j] G Imd if j < gf. Indeed, since j < gf then j + gi < pgi, 
therefore by Lemma [5.21 we have: 

P-2 

d{[p,j + gi]) = Y.'>^kp'^v''[p- kj + gi]+uipvS'[lJ + gi] 

k=0 

p-2 j-lp-2 

= -Ui Wkpv3^+''[p - k,j] + WkZtpv3^+''+^[p - k,j -t] 

k=0 t=l k=0 

+uipv^'[lj + gi]. 

We have that uipv^^[l,j + gi] is in the image of d. Indeed, d{[l,j + 2gi]) is equal 
to: 

j+9i 

-u^pv'^'llj + gi] + J2 ztpv''-^'[l,3 + gi-t], 
t=i 

since j + 2gi < g2. A Smith morphism argument proves that for suitable coefficients 
Ct G ku^, we have: 

d{[l,j + 2g,])+ d{ct[l,j + 2g,~t]) = -u,pv^'[l,j+g,]. 

t=i 

Therefore we can replace pv^^[p,j] with elements of the form cpv^^[i, k] with i < p 
and k < j and c G ku^,. Since these elements are Smith morphism images of 
pv^^ [p, j] , we have that pv^^ [p, j] G Im d. Note that all the elements involved in this 
process are of lower filtration than 

Applying Lemma [5.31 (up to a Smith morphism) we have: 



p^[a,p^] = p 



p-2 9i 



J2 uiq,pv^'+'[a,pg^ - i + 1] + ^ Ztpv^s.+t^^^ _ t + 1] - v^'[a, 1] 



i=0 t=0 
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By Lemma 15.21 applied to the first and second sums we obtain: 



p3 p2j ^ ujpv'^si [a,gf + l] + Yl zlpv^'^^^* [a,gl + l-t] 

t=i 



(p-2)3i 

+ E z'/pv^^'-^^la, (p - 2)^1 + 1 - t] - pv3^ [a, 1] 

t=0 



»1 

= [a, + 1] + ytpv'^^^^^ [a, gf + l-t]- pv^^ [a, 1] . 

t=i 

Therefore we have that (9(p[p,p^]) is equal to: 



^2^^291 ^2 _^ ;l] + ytpv'^^'^^lp, gf + 1 - t] - pv^'' [p, 1] 



p-2 p-2 Si 

1=1 i=l t=l 



p-2 

— E Wipv^^^^[p — + Uip'^v^^[l,p'^]. 

i=l 

Also we have the equality: 

p-2 

Uip'^v^^[l,p'^] = —ulpv^^^[l,p'^ ^ 9i] + Yl u\qipv'^^^^^[l,p^ — {gi + i)] 

1=1 



+ E uiztpv^<^'+^[l,p^ - {2gi + t)] -uivs^+f^^ll,!]. 
t=o 

On the other hand dluiv^^lp^p"^ — gi]) is by definition: 

p-2 

uiv^^p'^\p,p'^ — gi] + J2 uiWip'^v^^^^lp — ijp"^ — gi] + u\v'^^^p\i,p^ — gi\ 

i=l 



p-2 

= —ulpv'^^^p[p,p'^ — 2gi] — E ufwipy'^^^^^plp ~ hP^ ~ '^gi] 

1=1 



p-2 9\ 

+ E E Zt^(Wipv''^^^'^\p - (/2 - t + 1] + u\pv''^%,p^ - ^i] 
i=0 i=l 
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We replace ([2]) in ([H]) and add with (fTUI) . We use the fact that the elements of 
the form pv^'^[i,j] with i < p and j < are image under d of elements of filtration 
lower than p{p'^ + 1) + p'^{p + 1) to obtain: 

p-2 

d{p[p,p']+ low) = J2^l<liPV^''^'[^^P^-i9i + ^)]+^i^oPv'''[l,gl + l]-uiv''+^'[l,l], 

i=l 

since p"^ — 2gi = gf + 1. We have proved that pv^^[l,pgi] G Im9. On the other 
hand, we have: 

— {gi + i) < pgi for 1 < i < p — 2 
and gf + l< pgi. Therefore b) is proved. □ 

Remark 6.2 Note that the previous proposition gives potential differentials in the 
spectral sequence we are dealing with: 

d/ii- [hj] — > pv^'[hj-9i] 

di,2- P[hj] — > v3^^'^^[i - gi,j - g2]. 

Here /xi = g2 and /i2 = giip"^ + 1) + 92{p + !)• It is not difficult to prove that there 
can not exist differentials longer than /i2- Therefore to prove that rf^^ and are in 
fact the only families of differentials in our spectral sequence, it is enough to prove 
that the element [gi + g2 — 1, gi] is a permanent cycle. 

Easy consequences of Lemma 15.21 and Lemma 15.31 are the following results. 

Corollary 6.3 For a natural number < n < p+1 let denote by an = {p+2 — n)gi. 
For 1 < k < p we have that d{[ak — l,{k + l)gi]) is equal to: 

p—2 p— 2 kgi 

- E u^w,pva^+'[ak -{1 + l),kgi] + E E Zt,^pvS'+'+'[ak - (i + l),kg^ - t] 

i=0 i=0 t=l 

+Uipv3^[ak+i -l,{k+ l)gi] + ■■■ + Uk'pv^'P-^[ak+k' - k', (k + l)gi] 

«fc-2 kgi 

- E uiWipyf^^+'lak - (i + 1), kgi] + E E WiZt^ipv3^+^+'[ak - {i + l),kgi - t]. 

i=k'p i=k'pt=l 

Here k' is such that k'p < ak — I < {k' + l)p. 
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Corollary 6.4 The element d{[gi — l,gi + g2\) is equal to: 
-E u^Wipv3^+'[gi + l),g2] + EEuiWiqkPV<^^+'+''[gi -{i + l),g2-k] 

i=0 i=0 k=l 

p-3P9i p-3p-2 

+ E E Zk,iPv^'^'+'+''[gi + l):Pgi - A;] + E E nj^q^v^'^+^+'^ig, + l),g, - k]. 

i=0 k=0 i=0 k=0 

The following results are focused to prove that the element [{p + 2)gi — l,gi\ is 
a permanent cycle. The proofs are extensive but easy to follow. We give extended 
formulas for the sake of readableness. Most of the formulas look not friendly, but 
as we will see, many terms can be ignored since they are image under d of "/ou/' 
filtration terms. 

P+i 

Corollary 6.5 We have that E d{[{an — l,{k + l)gi\) is equal to: 

k=0 

Si p—i+l p 

J2 Yl Uipv'P-'[ak+i-i,(k + l)g,] + J2Aj + Bj + A + B + C + D + v''[g,-l,g,]. 

1=2 k=0 j=l 

Here Ai is given by: 

p p-2 

= - ^ ^ uiWipv<^'+\ak - (i + 1), kgi], 

k=l 1=1 

and for 2 < n < p we have: 

p+2—n np—2 

An^- Y uiWipv^'+'[ak- {i + l),kgi\. 

k=l i=(n—l)p 

The sum Bi is given by: 

p p-2 kgj^-l 

Bi = j2J2Yl ZtWiPV^'+'+'[ak - (^ + 1), %i - t], 

k=l i=0 t=l 

and for 2 < n < p we have that is equal to: 

p+2-n np-2 kg^^-l 

Y Y ztw^pv'^+'^'[ak - (^ + 1), %i - t]. 

k=l i={n-l)p t=l 
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The sums A, B, C and D are given by: 

p-3 

A = -J2 uiWipv3^-^'[gi - {i + l),g2]. 

B = EE uiw,qtpv9^+'+'[gi - {i + l),g2 - t]. 

i=0 t=l 

C = EEw,qtV^-+^^'[g^ + - t]. 

i=0 t=0 

p-3pgi-i 

k=0 t=0 

Here the elements Ct € ku^,. (They are not necessarily the same in different sums). 
Proof: For 1 < k < p the element d{[ak — 1, (A; + l)5'i]) is given by: 

p— 2 2 kgi 

- E u^w,pva'+'[ak -{1 + l),kgi\ + E E Zt,^pv3^+'+'[ak - (z + l),kg^ - t] 

i=Q i=0 t=l 

+uipv3^[ak+i -l,{k + l)gi] + ■■■ + Uk'pv'''P-^[ak+k' - k', {k + l)gi\ 

Qfe-2 afc-2 kgi 

- E UiWipv'^^+'[ak- {i + l),kgi]+ E E '^iZt,iPV^^^^^'[ak - {i + I), kgi - t]. 

i=k'p i=k'pt=l 

The first term of this expression is —Uipv^^[ak — 1, {k + l)gi]. On the other hand the 
first term of the second row is given by uipv^^[ak+igi — 1, kgi]. When we take the 
sum over k this terms are canceled, since we have that the first term in the formula 
of Corollary 16.41 is —Uipv^'^[gi — 1, (72], and by Lemma [5?T] the term d{[ao — l,gi]) is 
equal to: 

p-i 

uipv^'[g2 - l,9i] + J2^^^''"'lp' - - 1)P - 2,^?i] + v''[gi - l,gi], 

1=2 

and the Corollary follows. □ 
Now we are going to prove that the elements in the formula of the previous 
Corollary that are divisible by pv^^ and have "/ow filtration" are in Im9. We will 
be careful with the filtration of the elements we are using to replace those elements. 
We want to obtain: 

d{[{p + 2)gi -l,gi] + low) = v^'[gi - 1, gi] + Ai + Bi + A + B + C. (11) 
For to do this, we will use the following result. 
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Lemma 6.6 For < k < p — 1 we have, up to units: 

5(K+2, {k + 2)gi] + low) = pv'^^[ak+2, {k + l)gi\. 

Proof: We will proceed by reverse induction in k. For k = p — 1 we prove that 
pv^^ [gi, h] E \md for 1 <h < pgi. Indeed, for 6 = 1 we have 

p-2 

d{[gi,p]) = E Wip'^v'[gi -i,p] 

1=0 
p-2 

= -J2 WiUipyf^^^'lgi 

We will verify that, up to units, d{[t, p] + low) = pv^^ [t, 1] for 1 < t < gi — 1. We have 
proved in Proposition 16.11 that (9([l,p]) = pv^'^[l, 1]. We suppose that the assertion 
has been proved for 1 < t < gi — 1, therefore for t + 1 we have: 

t 

d{[t + l,p]) = - ^w;iMij9t;»^+'[t-i + l,l], 

i=0 

by the inductive hypothesis the assertion follows. This proves that d{[gi,p] + low) = 
pv3^[gi, 1]. 

Now suppose we have proved that d{[gi, b+gi]+low) = pv^^ [gi, 5] for 1 < 6 < pgi. 
Therefore: 

d{[gub + gi + 1]) = EE WiUiqtpva^+'+'[gi -i,b+l-t] 

i=o t=o 

+ E E WiZtpv^3i+t^gi -z,b~{gi + t) + l]. 
By the inductive hypothesis we have that: 

p-2 

d{[gi,b + ^1 + 1] + low) = -J2 WiUipv^'+'[gi -i,b+l]. 

i=0 

Applying a Smith morphism to this expression we obtain: 

d{[l,b + gi + l] + low) = -uipv3'[l,b+l]. 

Now is clear that an easy inductive argument proves that d{[t, b + gi + 1] + low) = 
pv^'^[t, 6 + 1] for 1 < t < (/i — 1. This implies that 

5([«p+i,fi'2] +low) = pv^'[ap+i,pgi]. 
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Now suppose that for 0<A;<p— Iwe have proved: 

d{[ak+2,{k + 2)g,] + low)=pv^'[ak+2,{k + l)gi]. (12) 
For A; — 1 we have: 

p-2 

d{[ak+i, (k + l)gi]) = Wip'^v'[ak+i, (k + l)gi] 

Ofc + l 

+Uipv3^[ak+2, {k + l)gi] + Yl Cipv'[ak+i -i,{k + l)gi]. 

i=p 

Since ioi p < i < ak+i we have 0^+2 < ctfc+i ~ h the inductive hypothesis gives: 

p-2 

d{[ak+i, {k + 1)^1] + low) = Y Wip'^v'[ak+i -i,{k + l)gi] 

i=0 

p-2 p-2 

= WiUiqtpv'^'-^'^^[ak+i - i, kgi - t] 

p-2 

+ E E ^f;^^^P^^'^^+'+*K+l-^,(A;-l)(7l-^]. 

2=0 t=0 

Now, for l<i<p — 2,it can be proved by reverse induction that: 
d{[ak+i -i,ik + l)gi] + low) = pv^'[ak+i - i, kg^]. 
For i = p — 2 we have by f|T2|) : 

p-2 

d{[ak+2 + 1, (A; + l)gi] + low) = E Wip'^v'[ak+2 -i + l,{k + l)gi] 

p-2 p-2 

= E E UiWiqtpv^'-^'+^[ak+2 - i + l,kgi - t] 

p-2 (fc-l)Si 

+ E E w,ztpv^'^^+'+'[ak+2-t + hik-l)gi-t]. 

i=0 t=0 

Applying the inductive hypothesis we obtain: 

p-2 

d{[ak+2 + 1, (A; + l)gi] + low) = E UiqtPV^^^^[ak+2 + 1, kgi - t] 

t=o 

+ E Ztpv^'''^'[ak+2 + l,ik-l)gi-t]. 

t=0 
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We can prove inductively for 1 < t < kgi that: 

d{[ak+2 + l,t + gi] + low) = pv^^[ak+2 + l,t]. 

We will only prove the case t = 1 since in this point the inductive process is clear. 
We have by induction: 



and by (fT2|): 

d{[ak+2 + + low) = -Uipv^^Kp- k)gi - 1,1]. 
Therefore we have that 

d{[ak+2 + l,{k + l)gi] + low) = pv^^[ak+2 + 1, 
Following the same ideas used until here, it is easily proved that for 1 < i < p — 2: 

d{[ak+i -i,{k+ l)gi] + low) = pv'^^lak+i -i,kgi]. 
Therefore we have that: 




i=0 



d{[ak+i, {k + l)gi] + low) 



iiigtpf^i+*[afc+i, kgi - t] 



t=o 



+ E ztpv^<^^+'[ak+i,{k-l)gi-t]. 



Applying a Smith morphism to the previous expression we have: 



d{[ak+i,p] + low) 



uipv^^ [ak+i, 1] 



and now an easy inductive argument proves that: 



(k + 1)5(1] + low) = -uipyf^^lak+i, kgi] 



and the Lemma follows. 



□ 



Remark 6.7 Note that by the previous Lemma the sum: 



9i p-i+1 



-2,(^+1)5(1] 



1=2 k=0 
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from the Corollary 16.51 can be ignored. Indeed, all the terms involved in this sum 
are Smith morphism images of elements of the form pv^^[ak+2, {k + for some 
< k < p — 1. Similar arguments can be used for the sums An, Bn for n > 2 and 
for the sum D. Note that for the sum Bi the terms corresponding to t > p — 2 also 
can be treated with the previous Lemma, therefore, we can replace Bi in ( 1TT|1 with: 

p p-2 9i-l 

B[ = Y.HH ZtW.pv^'+'+'[ak + I), kg, - t]. 

k=l i=0 t=l 

Until here we have proved that: 

di[ao - 1, gi] + low) = v^'igi - I, gi] + A, + B[ + A + B + C. 
Lemma 6.8 Let denote by A = v^^[gi — 1, gi] + A + B + C. We have that: 

A -j:d{qiV^[g,-{2 + l),g2 + gi]) 

i=l 

p-2 p-2 

= E uiQipv^^+'lgi -l,g2-i] + Yl QiV^^'^'lgi - 1, 5-1 - ^] 

i=l 2=1 
p-3p-i-3P9i 

+ E E Ectpv^''^'+'[9i-ik + i + l),pgi-t]. 

i=l k=0 t=0 

Proof: We assert that for 1 < n < p — A we have the following: 

n 

A - ^diq,v%-ii + l),g2 + gi]) 

i=l 

= - E -{^ + l),g2 + gi] + S, + S2 

i=n+l 

+ E E u,qtq^^pv3i+'-^^[g,-{t + l),g2-t] 

t=l i=n+l 

+ E E Qigt'^v'^^'^'igi - + ^).gi - 1] 

t=0 i=n+l 
n p-i-3P9i 

+ E E j:ctPV^''^'+''+'[gi-{k + i + l),pgi-t]. 
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We will proceed by induction. Recall that qi = Wi, therefore for n = 1 we apply 
Corollary 16.41 (up to a Smith morphism) to obtain that A — d{qiv[gi — 2,g2 + gi]) is 
equal to: 

A + uiWipvP[gi - 2,5(2] 

+ uiWiWkpv<^i+'+''+'[gi -{k + 2),g2\ 

k=l 



(13) 



p-Ap-2 

UiWiWkqiPv3^+''+'^[gi - {k + 2),g2-i] 

k=0 i=l 

-i:Ew,Wkqiv32+i+''+^[g, - {k + 2),g,-t] 

k=0 i=0 
p-4 PSi 

-EE Ctpv^'i+'+''+'[gi -{k + 2),pgi - t] 

k=0 t=0 

We will denote by A', B' and C the second, third and fourth rows of this sum, that 
is: 

p— 4 

A' = J2^i^iWkPv'^''''^'[gi - {k + 2),g2\, 

k=l 

and so on. Now note that the first summand of A (when i = 1) is canceled with the 
term uiWipv^[gi — 2,5(2] of f|T3|) . therefore we will omit it in the next calculation. 
Adding A with A' we have: 

p-3 

A + A' = J2 uiiwiWk^i - Wk)pv'^^+''[gi - {k + l),g2]. 

k=2 

p-2 

The sum ^Si = E '^iQiPv^^^^ldi — ^,g2 — 'i] is the term of B when A; = since wq = 1] 

i=\ 

the term of B when A; = 1 is given by: 

p-2 

On the other hand, the summand of B' when A; = is equal to: 

p-2 

-^UYWxqipv^^^'^\gx - 2,^2 - i], 
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therefore: 

p-3 p-2 

B + B' = Si + J] - wiWk-i)qipv^^^'+''[gi - {k + l),g2 - i]. 

k=2 i=l 
p-2 

We have that 82= ciiV^^~^^[gi — 1, S'l — ^] is the summand of C when k — (note 

i=l 

that the term corresponding to i = has been canceled with v^'^[gi — l,gi]). It is 
easily seen that the summand of C for = 1 is canceled with the summand of C 
for A; = 0. Therefore we have that: 

p-3 p-2 

C + C'^S2 + J2 - w,Wk-i)qiV<^^+'^'[g, -{k + l),g^-^]. 

k=2 i=0 

But by definition q^j^^ — Wk — WiW^^i. This proves the assertion for n = 1. Suppose 

n+l 

it has been proved for 1 < n < p — 4. Therefore A — ^ d{qkV^[gi — {k+ l),g2 + gi]) 

k=l 

is equal to: 

k=n+l 

+ E E uJ^kipv3i+^+'^[g,-{k + l),g2-i] 

i=l k=n+l 

i=0 k=n+l 

n p-k-3P9i 

+ E E EctPv^''^'+'+'[gi-{k + i + l),pgi-t] 

k=l i=0 t=0 

p—n—A 

+ E UiWiqn+ipv3^+'+''+^[gi-{i + n + 2),g2] 

1=0 
p—n—4p—2 

-EE UiWkqn+iqiPv'^^+'^''^''+'^[gi - {k + n + 2),g2-i] 

k=0 i=l 
p-n-i P9i 

-EE ctpv^si [^1 -{kJ^n + 2),pgx-t\ 

k=0 t=0 

p—n—A p—2 

- E E«^fegn+igi^^^+'+'+"+M^i-(^ + ^ + 2),^i-i]. 

k=Q 1=0 
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When we add the first row (without 5*1 + 5*2) with the fifth row we obtain: 

J2 Ui{qn+iWk-n-i - qt'^)pv''^^[gi - {k + l),g2]. 

k=n+2 

The sum of the second and the sixth rows is equal to: 

p-3 p-2 
k=n+2 i=l 

Finally, adding the third and the last row we have: 

p-3 p-2 

- qn+iwk-n-i)v^^^'^''[gi - (A: + 1),^2 - t]. 

k=n+2 i=0 

Since by definition q'^"^^'' = q^^^ — qn+iWk-^n-i the assertion is proved. The Lemma 
follows from Lemma [573] since d{qp^3V^~^[l, g2 + gi]) = qp-sP^ v^'^ll, g2 + gi]- □ 

Remark 6.9 Note that by the Lemma [6.61 we can ignore the sum: 

p-3 p-i-3P5i-l 

E E E -{k + i + l),pgi - t]. 

i=l k=0 t=o 

in Lemma [6.81 Therefore until here we have proved that: 

d{[ao - 1, ^i] + low) = Si + S2 + Ai + B[. 

At this point the crux of the matter is to deal with Si + S2, since we have to deal 
with elements that are not divisible by p. If we prove that this sum can be replaced 
by the image under partial of "/otf filtration" terms we are done. Indeed, a Smith 
morphism argument will take care of Ai + B[. 

p-3 

Lemma 6.10 For 1 < i < p— 2 we have that — ^ d{qiqkV^'^''[gi — {k+l),g2+gi — i]) 

k=0 

is equal to: 

-uiqipv^'^-^'lgi -l,g2-i] + Yl Uiqtqipv^i+^-^^lgi -l,g2- {i + t)] 

t=i 

+ ''Y.\iqtv'^^'^'[gi - 1,^1 - (^ + ^)] 

p-3p-h-3Pgi 

+ E E EztPV^''^'+''+'+^[gi- ik + h + l),pgi- (t + t)]. 

h=0 k=0 t=0 
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Proof: We have that d{qy[gi - 1, 5'i + - i]) - d{wiqy~^^[gi -2,gi+ g2- 
equal to: 

-uiqipv3'+'[gi - 1, - 1] - E Uiq,ql;>pv^'+'+''[gi - {k + 1), g2 - t] + S[ 

k=2 

p-3p-2 

+ E E Uiqiqi'\tpv^-+'^+'+'[gi - {k + 1), g^ - {i + t)] + S'^ 

k=2 t=l 
1 p-3 P9i 

- E E E ;2,p^2<,,+m+.+/.[^^ _ (A; + /, + _ (, + t)] 

h=0 k=0 t=0 

fc=2 t=0 

Here 

p-2 

= 5^ - 1, ^2 - + 1)], 

t=i 

and 

i=0 

It is easily seen by induction, as in the proof of Lemma 16.81 that for n < 

n 

we have that — E d{qiqkv''~^^[gi — {k + 1) , g2 + gi — i]) is equal to: 

fc=0 

S[ + S'2- uiqipv3^+'[gi - 1, (72 - ^] 

- E Uiqiq'-^^pva^+'+^lgi - {k + I), g2 - i]) 

k—n+l 
n p~3-hP9j 

-EE EztPV^''^'+''^'+''[gi- {k + h + l),pgi~ (i + t)] 

h=0 k=0 t=0 

+ E E Uiqiqtq^^^pv3^+'+'+''[gi - {k + 1), g2 - [t + i)] 

k=n+l t=l 

+ E 'E'mtq^:'^v^^+'+'+^[g,~ik + l),g,-it + t)]. 

k=n+l t=0 
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Applying the Lemma 15.31 to: 

the result follows easily. □ 
Note that by the Lemma 16.61 we can ignore the sum 

p-3 p-h-3 P9i 
h=0 k=0 t=0 

in the previous Lemma, so we have that: 

a([ao - 1, ^i] + low) = Ai + B[ + S2 

p-2p-2 

+ E E Uiqtqipv3i+^+'[gi - 1,^2 - + t)] . . 
i=i t=i \^^) 

p—2 p—i—2 

+ E E q^qtv'^'-''-'[gl-l,9l-{i + t)] 
1=1 t=o 

On the other hand, when we consider the last row of the previous expression, the 
term corresponding to t = is given by —5*2, since go = ~1) therefore: 

d{[ao-l,gi] + low) = Ai + B[ 

p-2 p-2-io 

+ E E Uiqi,,qi^pv3i+^^+^^ [^1 - 1, ^2 - (^0 + ^i)] 

io=l ii=l 
p-3 p-io-2 

+ E E q^S^.v'^^''^'' [91 -l,9l- (^0 + ^l)] 
io=l ii=l 

Now we want to deal with the second and the third rows of the last expression. Using 
a Smith morphism argument the following result is a consequence of Lemma 16.101 

Lemma 6.11 For 1 < < p — 2 and 1 < ii < p — 2 — we have that: 

p-3 

- E d{q^oQnQkv''^''^%i -{k + l),92 + gi- (zo + ^l)]) 

fc=0 



26 



is equal to: 

-UiqioQiiP^''^'^''''^''[9i - 1, 5-2 - (^0 + h)] 

p-2 

+ E Uiqtqi,qi,pv9i+'''+'^+'[gi - 1, ^2 - (^o + «i + t)] 

i=l 

p-(jo+n)-2 

+ E qtqioqhV^^^''^'''''[gi -l,gi-{to + ii+ 1)] 
t=o 

p-3 p-h-3 P9i 

+ E E T.ztPv^''^'+^^'''-^''+''[gi- {k + h + l),pgi- {lo + ii+t)]. 

h=0 k=0 t=0 

Adding the elements of the previous Lemma to the formula (IT^ we obtain: 
d{[ao-l,gi] + low) =Ai + B[ 

p—2 p—2—io p—io—ii—2 

+ E E E Uiqi^qi,qi,pvSi+'''+'^[gi - 1, c/2 - (^0 + k)] 

io=l ii=l 12=1 
p—4 p—io—3p—io—ii—2 

+ E E E q^oq^^q^2v''^''^''^''[gl-hgl-{^o + ^l + i2)]. 

10=1 ii=l ii=l 

Now we can use an inductive argument to obtain that d{[aQ — l,gi] + low) is 
equal to: 

p—2 p-io—2 p—In-2 

Ai + B[+Y. E ■■■ E u^q pv3^+'-+-[g,-l,g2-In+i] 

10 = 1 in + l = l 

(15) 

p-(n+3) p-io-(n+2) p-/„-2 

+ E E ■■■ E q,^^y-^'-^^[gi-i.gi-in+i]. 

80=1 n=l i„+i=l 

Here = E ^fc and q^ = H qi^. 
When n + 1 = p — 3 we have: 
d{[ao-l,gi] + low) = Ai + B[ 

p—2 p—io—2 p—Ip-4—2 

+ E E ■■■ E wi?7 ,pv^'^^^-'[gi-l,g2- Ip-3] 
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Since the upper limit of the j-th sum of the last row in fllSp is given by 

P - Ij-i - (n + S- j) 

and Ij-i > j, we have p — Ij-i — {n + 3 — j) < 1 when n + 1 = p — 3. 
Now we consider: 

p-3 

to obtain 

-uiq^ pv3'+^p-^[gi -l,g2- Ip-s] 

p-2 

+ E uimj mSi+'^-^+^i -hg2- ip-3 + 1)] 
t=i 

+ " E Qtq, y^+'''--^^-^'[gi-l,gi-Ip-3-t)] 

p-3p-h-3Pgi 
h=0 k=0 t=0 
p-3 

Here Jp_3 = E ^fc with 1 < io < p — 2 and 1 < «fc < p — h-i — 2. Note that the 

fe=0 

sum in the third row of the previous expression only has one term: 
Va^O^^^^+'^-li?! -1,1] = -q,^_V^-'^'-^-'\gx -1,1]. 
Therefore we have proved that 9([ao — l,*?!] + ^ow) is equal to: 

p-2 p-io-2 p-Ip-3~2 

io=i n=i ip_2=i 

Since /p_2 > gi we have that (72 — ^p-2 < PS'i and by Lemma 16.61 we obtain: 

d{[ao - 1, gi] + low) = Ai + B[. 

Applying a Smith morphism to the previous formula plus an inductive argument 
it is easily verified that each term in the sum Ai + B[ is image under 9 of a low 
filtration term. This proves that [{p + 2)gi — 1, gi] is a permanent cycle. 
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7 The /cix- homology of the groups. 



In this section we apply the calculations of the previous sections to identify a set 
of generators of the annihilator ideals of the toral classes in ku^{Zp2 A Zp2) and 
ku^{'L A Zpn). 

Theorem 7.1 In the spectral sequence of section^ with t = 2 = n there exist only 
two families of differentials and they are given by: 

[hj] j - gi]. 

P[hj] ^V'^^^32^i - g^J - g^]. 

Here = g2 and ^2 = gi{p^ + 1) + 92ip - !)■ 

Theorem 7.2 The annihilator ideal of the ku^-toral class in ku^{'Lp2 AZp2) is gen- 
erated by: 

Theorem 7.3 The group ku^:{'Zp2 A Zp2) is given (up to extensions) by Eq © Ei, 
where: 

Eo = ^ku. /{p',pv<^\v^^+^'^){[z,j]) 

i>l 

and 

Ei= e kuj{p^){[t,j]) 

i>l 

gi>j>i 

j<92 

e e kuj{p^){p[t,j]). 

l<i<Sl 

9l<j 

It is not difficult to verify that when we consider the spectral sequence of section H] 
with n = 1 and t > 1 we obtain: 

Theorem 7.4 In the spectral sequence there exists only one family of differentials 
and it is given by: 

[i,j]^v"^'[i,j-tgi]. 
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Theorem 7.5 The annihilator of the ku^-toral class in ku^{'Lpt A Zp) is generated 
by: 

Theorem 7.6 The group ku^,{Zpt A Zp) is given (up to extensions) by Eq (B Ei, 
where 

Eo = ^ku,/ip,v'<^^){[z,j]) 

!>1 

and 

Ei= e kuj{p){[i,j]) 

i>l 
t9l>j>l 

Theorem 7.7 yy The BP^,- annihilator ideals of the BP-toral classes in the groups 
BP^{Ijp2 A Zp2) and BP^{Zp A Zpt) are generated by: 

{p'^,pvi,vf^'^) and ip,v{), 

respectively. 

Corollary 7.8 For the p-groups Zp2 x Zp2 and Zp x Zpt the ku-homology contains 
all the complex bordism information. 
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